Maxwell’'s Equations

Dynamic Fields: for static fields, both the electric & magnetic
fields are independent of each other. With time-varying
(dynamic) fields, they are related by:
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These are Maxwell’s Equationsin
differential instantaneous form

Maxwell’'s Equations
VXE=-jouH VxH=J+ jocE
V-¢E=p, V-H=0
These are Maxwell’s Equationsin
differential phasor form
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These are Maxwell’s Equationsin
integral form



Boundary Conditions

Enables us to determine the relationship between field values

on either side of a material boundary. From this we can determine
how signals will reflect from, or transmit into boundaries. This

will be important in solving problems such as the one below where
we wish to determine the effect on received signal strength caused
by enclosing an antenna in a dielectric material.
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Not surprisingly, boundary conditions are found by
applying Maxwell’'s equations

Boundary Conditions (finite conductivity)
If the media are finitely conducting, there will be no surface
currents or surface charge densities. To analyze,consider a
rectangular contour that includes both sides of the boundary.

To find the relation-
ship between the
electric fields in re-
gions 1 & 2, apply
Faraday’s law and
then take the limit as
the contour shrinks
to zero




Boundary Conditions
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By shrinking our contour, we will get to the point where the right
side of the equality is negligible, which is equivalent to ignoring
flux passing through the loop in Kirchoff’s voltage law.
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If the loop is very small with respect to a wavelength, the
effects of magnetic flux passing through it will be negligible.
For this case, assuming that the sum of the voltages around
a loop is equal to zero is reasonable.

Boundary Conditions (3

Break the closed contour into 4 integrals to represent the 4
segments of the rectangular contour.
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Since our contour is very small, we can treat the integrands as
being constant over Ax and Ay, which enables us to write:

4)00 E-dl=E Ax+E Ay E; Ax—E Ay =0

The “T” subscript implies that the field component is tangent, or
parallel, to the boundary. “N” denotes the normal component.



Boundary Conditions ()
The integrals of the normal components over y will cancel

since they will be of equal magnitude and opposite sign:
E.AX-E AX=0=E; =E;
The tangential components of electric field are continuous
across a boundary. Another way of stating this is:

fx(E, - E,) =0 where fi is the normal to the boundary
and both o, and o, are finite.

To find the boundary conditions for the magnetic field, solve
Ampere’s law using the same contour.

il—T .ﬂzgﬂﬁ.d_s Ampere’s Law

Since this is in the same mathematical form as Faraday’s
Law, we can conclude the following:

ﬁ><(|—_|2 - H_l) =0 where 1 is the normal to the boundary
and both o, and o, are finite.

Boundary Conditions ()
To find the boundary conditions for electric flux density,
apply Gauss Law over the Gaussian surface shown.

qu D-ds= m p,dv  Gauss Law
AoA




Boundary Conditions )
For a sufficiently small Gaussian surface IJ‘D$ =0

curved
surface

because of symmetry and because D can be considered
constant within each region.

However’ we cannot Side view of Gaussian surface
assume the integral will 2 8 . a

sum to zero over the top and —mm == T
bottom of the surface, since 1

they are in different media.

dpD-ds=[[D-ds+ [[ D-ds=[[D,ds- [[ D,ds

top bottom top bottom

=D,As-D, As where As is the surface area of the top & bottom.

The right side of Gauss equation, m p,dv— 0 as the Gaussian

surface shrinks. So, DnlAs— DnzAs: 0= Dnl = Dnz

Boundary Conditions (7

The normal components of electric flux density are continuous
across a boundary. Another way of stating this is:

A-(D, - D,)=0 where fi is the normal to the boundary
and both o, and o, are finite.

To find the boundary conditions for the magnetic flux density,
solve Gauss Law for magnetic fields using the same Gaussian

surface. (ﬂ) _ —
B-ds=0
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Because this is mathematically identical to the electric flux
density problem, the boundary conditions will also be identical:

fi-(B, - B,) =0 where f is the normal to the boundary

and both o, and o, are finite.




Boundary Conditions )
Using the constitutive parameters, we can also write:
ﬁ-(szﬁz —gllgl) =0and ﬁ-(,qu_z —,uil-_ll) =0
where n is the normal to the boundary
and both o, and o, are finite.

If a source exists on a boundary, or if one of the media is
perfectly conducting, we will need to account for the surface
charges and/or currents on the boundary.

In this case, we will not be able
to ignore the source(s), since the Surface 2 0 C
contour will enclose the source(s),  current

no matter how small we make that  or charge
contour. 1 a b

Boundary Conditions ()
To find the BC for magnetic field on either side of a perfectly-
conducting boundary, again start with Ampere’s Law:
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If J, is a surface current , then the total

d c
2 conduction current passing through
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our contour J'LD J.-ds  will be Jedx
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(assuming our contour is sufficiently small).

Also g” D-dS — 0 as before
ot s

Solving the integral for an infinitesimally-small contour

JH - dl = Hy Ax+ HyAy — Hp Ax— HAy = J, - 2Ax = J AX
0



Boundary Conditions (10

H. —H, =J, for the geometry shown. The difference between the

magnetic fields on either side of a boundary is equal to the surface
current flowing on the boundary that are normal to H; .

To put this statement into a more general (and usable) form,
express our findings using vectors:

(H,—H,)-%=J-2- (A,~H,) %~ %-2=0
Noting that: X = yx 2 we can write the above equation as:
(|'_|1—|'_|2)-()A/><2)—1--2:O

A B C
Now, applying cyclic permutation to our scalar triple
product: A-BxC=C-AxB
2'[(|__|1_ I__lz)xy]_js'zzo = {[9X(|__|2_ |‘_|1)]—js}-2:O
since Vyis the normal to the boundary, we can write:
[anx (H,-H,)] =3

Boundary Conditions

Now consider the BCs for electric field near a perfectly conducting
boundary. Note that |E|=0 inside a perfect conductor and o=

2 Ax(E,-E)=NxE,=0=E, =0

— There is no tangential component of electric
1 E=0 field just above a perfect conductor

0, =

Electric field =0 = Magnetic field = 0

VxE=0--T = B -0 H, =0

When a perfect conductor is illuminated by an electromagnetic field,
Lorentz forces cause charges to move on the surface, giving rise to
a surface current density, defined by:

anxﬁzsz:HTZ:Js



Boundary Conditions (12
To determine the BCs for the normal components of E and D we

need to consider our Gaussian surface again. In this example,
there exists a surface charges on the boundary

Again, we apply Gauss Law, but this time
the right side does not vanish as the closed
surface shrinks:

gpD-ds=[[[ p,av Gauss Law
oA

Following a similar approach as before:

[_)-_S:QE_) .ds=[[D-ds+ [[ D-ds=[[D,ds~ [[ D,ds

top bottom top bottom

DnzAs— D.,As where As is the surface area of the top & bottom.
The right side of Gauss equation, j” p,av=p.As
So, D,,As-D,As=p,As = D, ,-D, = p,

Boundary Conditions @s)

In more general terms:

ﬁ'(ﬁz_ IS1):ps = ﬁ-(gZEz—glﬁl):ps
where f is the normal to the surface
and both o, and o, are finite.

If region 1 is perfectly conducting:
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Example: a perfectly-conducting surface is defined by x> —4y+4z7° = 4

has a surface charge density p, = x+3y -2z Coul/m?. Find the vector
electric field at the point (2,1,1).
V&  Ad—A48y+8&

Solution: E will be L to the surface, where &= =
- V| 9.78

3at(211)— E- psdn _ 128128+ 244
” & 9.78¢




Boundary Condition Example

The boundary between two media exists on the x-y plane, with
region 1 being defined by z> 0 and region 2 defined by z< 0. If
the relative permittivity is 1 in region 1 and it is 4 in region 2, find
the electric field in region 2 given the electric field in region 1

below: E =54 —2a,+84, Volts/m
Solution: Since the tangential components of E are the same on

either side of the boundary, the x and y components of E in
region 2 will be the same as in region 1.

The normal component of D (D,) is the same on either side of a
boundary, so ¢,E,,=¢,E,, (recalling that D = ¢E)

Thus: E, =g, -1g=2
&

We can now write: E, =53, —2a, +2a, Volts/m

Boundary Condition Example #2

Region 1 is defined by f(x,y,2) = -x + 5y - 62> 4, and region 2 is
defined by f(xy,2) < 4.

If E,=34,-24,+4, find E, given that ¢, =1and ¢, =5

—-4,+5a, — 64
The unit vector normal to the boundary is &, =+ Vi y.2) _ £ el B
IVE(x,y,2)| J62

Pick either + or -, and reference both E; and E, to the same normal
The vector component of E, normal to the boundary is:

E\,=(E 4,)4,=(0.3064, -1.534, -1.8394, )

Since the normal components of D are equal:

E,,= % E,, =(0.06124, —.3064, —0.37684, )

The tangential components of E are equal and are given by:
E., =E,=(E-E,)=(2694, 0474, -0.8393,)

Thus: E, =(E;, + E,,) =(2.7514, -0.7764, ~1.2154, )



